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In this paper, we introduce the α-z-Bures Wasserstein 
divergence for positive semidefinite matrices A and B as

Φ(A,B) = Tr((1 − α)A + αB) − Tr(Qα,z(A,B)),

where Qα,z(A, B) =
(
A

1−α
2z B

α
z A

1−α
2z

)z is the matrix function 
in the α-z-Renyi relative entropy. We show that for 0 ≤
α ≤ z ≤ 1, the quantity Φ(A, B) is a quantum divergence 
and satisfies the Data Processing Inequality in quantum 
information. We also solve the least squares problem with 
respect to the new divergence. In addition, we show that the 
matrix power mean μ(t, A, B) = ((1 − t)Ap + tBp)1/p satisfies 
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the in-betweenness property with respect to the α-z-Bures 
Wasserstein divergence.

© 2021 Elsevier Inc. All rights reserved.

1. Introduction

Let M n be the algebra of n × n matrices over C and let Pn denote the cone of 
positive definite matrices in M n. Denote by I the identity matrix of M n. For a real-
valued function f and a Hermitian matrix A ∈ M n the matrix f(A) is understood by 
means of the functional calculus.

It is well-known that in the Riemannian manifold of positive definite matrices, the 
weighted geometric mean A�tB = A1/2(A−1/2BA−1/2)tA1/2 is the unique geodesic join-
ing A and B, where A, B ∈ Pn. For t = 1/2, A�1/2B is called the geometric mean of 
A and B. It is obvious that A�1/2B is a matrix generalization of the geometric mean √
ab of positive numbers a and b. Let A1, A2, · · · , Am be positive definite matrices. In 

2004, Moakher [17] and then Bhatia and Holbrook [5] studied the following least squares 
problem

min
X>0

m∑
i=1

δ2
2(X,Ai), (1)

where δ2(A, B) = || log(A−1B)||2 is the Riemannian distance between A and B. 
They showed that (1) has a unique solution which is called the Karcher mean of 
A1, A2, · · · , Am. In literature, this mean has different names such as: Fréchet mean, 
Cartan mean, Riemannian center of mass. It turns out that the solution of (1) is the 
unique positive definite solution of the Karcher equation

n∑
i=1

log(X1/2AiX
1/2) = 0. (2)

In [16], Lim and Palfia showed that the solution of (2) is nothing but the limit of the 
solution of the following matrix equation as t → 0,

X =
n∑

i=1

1
n
X�tAi. (3)

Let Pα,z(A, B) = (B 1−α
2z A

α
z B

1−α
2z )z. This is the matrix function in the α-z-Renyi 

relative entropy introduced by Audenaert and Datta [1] in 2015. Recently, Franco and 
Dumitru [12] introduced the so-called Renyi power means of matrices. More precisely, 
for 0 < αi ≤ zi ≤ 1 and for positive definite matrices Ai, Bi, using the approach in [16]
developed by Lim and Pálfia, they showed that the following equation
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X =
m∑
i=1

ωiPαi,zi(X,Ai) (4)

had a unique positive definite solution, where (ωi) is a probability vector. Notice that if 
we replace Pαi,zi(X, Ai) in (4) with the weighted geometric mean X�tAi, the solution of 
the corresponding matrix equation is the weighted power mean.

Now, notice that if we change the distance function in (1), the solution may be differ-
ent, if exists. Interestingly, in applications people sometimes are interested in distance-like 
functions that provide distance between two data points. Such functions are not necessar-
ily symmetric; and the triangle inequality does not need to be true. Divergences are such 
distance-like functions. An important example of divergences is the Bures-Wasserstein 
metric studied by Bhatia and coauthors [3] as follows:

db(A,B) = (Tr((A + B)/2) − Tr(A1/2BA1/2)1/2)1/2,

where Tr((A1/2BA1/2)1/2) is the quantum fidelity of two positive definite matrices A
and B. They showed that d2

b is a quantum divergence and solved the least squares prob-
lem with respect to the Bures-Wasserstein divergence. In another paper, these authors 
introduced so called the weighted Bures-Wasserstein distance as

db,t(A,B) = (Tr((1 − t)A + tB) − Tr(Ft(A,B))1/2,

where Ft(A, B) = Tr(A 1−t
2t BA

1−t
2t )t is the sandwiched quasi-relative entropy [18,15]. 

They also solved the least squares problem with respect to this divergence. Mention that 
(A1/2BA1/2)1/2 and (A 1−t

2t BA
1−t
2t )t are matrix generalizations of the geometric mean √

ab and the weighted geometric mean a1−tbt of positive numbers a and b, respectively.
Motivated by works mentioned above, in this paper, we introduce and study different 

properties of the α-z-Bures Wasserstein divergence defined as

Φ(A,B) = Tr((1 − α)A + αB) − Tr(Qα,z(A,B)), (5)

whenever A and B are positive definite matrices, and Qα,z(A, B) = Pα,z(B, A). Mention 
that Qα,z(A, B) is also a parameterized matrix version of the weighted geometric mean 
a1−αbα.

In the next section, we show that Φ(A, B) is a quantum divergence. Using the well-
known Brouwer fixed point theorem, we prove that the averaging element of m positive 
semidefinite matrices A1, A2, · · · , Am is the unique positive definite solution of the fol-
lowing matrix equation

m∑
i=1

wiQα,z(X,Ai) = X.

In Section 3, we show that the α-z-Bures Wasserstein divergence satisfies the Data 
Processing Inequality in quantum information. Finally, we show that the matrix power 
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mean μ(t, A, B) = ((1 − t)Ap + tBp)1/p satisfies the in-betweenness property in the α-z-
Bures Wasserstein divergence. On the in-betweenness property we refer the readers to 
[2,13,8–11].

2. The α-z-Bures Wasserstein divergence and the least squares problem

Definition 2.1 ([4]). A smooth function Φ from Pn × Pn to the set of nonnegative real 
numbers is call a quantum divergence if

(i) Φ(A, B) = 0 if and only if A = B;
(ii) The derivative DΦ with respect to the second variable vanishes on the diagonal, 

i.e.,

DΦ(A,X)|X=A = 0;

(iii) The second derivative D2Φ is positive on the diagonal, i.e.,

D2Φ(A,X)|X=A(Y, Y ) ≥ 0 for all Hermitian matrix Y.

Recall that the function tp (p ∈ [0, 1]) is operator monotone on (0, ∞), and the 
following integral representation is well-known.

Lemma 1 ([7]). Let 0 < p < 1 and A be a positive definite matrix. Then,

Ap =
∞∫
0

A(λ + A)−1dμ(λ) =
∞∫
0

(
I − λ(λ + A)−1

)
dμ(λ) (6)

The following integrals are elementary. So, we omit the proofs.

Lemma 2. Let y > 0, and 0 < p < 1. Then we have

1
π

∞∫
0

δ1/2

(δ + y2)2 dδ = y−1

2 and sin pπ

π

∞∫
0

λpdλ

(λ + y)2 = pyp−1.

Now we are ready to prove the first main result of this section. We show the α-z-Bures 
Wasserstein divergence defined in (5) is a quantum divergence.

Theorem 3. Let 0 ≤ α ≤ z ≤ 1. Then the quantity

Φ(X,Y ) = Tr((1 − α)X + αY ) − Tr(Qα,z(X,Y )) (X,Y > 0)

is a divergence.
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Proof. For z = α, the theorem was obtained in [5]. The case 0 ≤ α ≤ z = 1 was proved 
in a recent paper by Nguyen Lam and Phi Long Le in [14]. We need to consider the case 
0 < α < z < 1.

Let f(X, Y ) = Tr((1 − α)X + αY ) and g(X, Y ) = Tr(Qα,z(X, Y )). Since z/α > 1, 
we have

Tr((X
1−α
2z Y

α
z X

1−α
2z )z) = Tr((X

1−α
2z Y

α
z X

1−α
2z ) z

αα)

≤ Tr((X
1−α
2α Y X

1−α
2α )α) (the Araki-Lieb-Thirring inequality)

≤ Tr((1 − α)X + αY ) ([5, Theorem 11]).

The equality occurs if and only if X = Y . So, Φ(X, Y ) satisfies the first property in 
Definition 2.1.

Next, we need to verify that DΦ(A, X)|X=A = 0. We have

∂f(X,Y )
∂Y

(B) = Tr(αB). (7)

Since 0 < z < 1, we have

∂Y z

∂Y
(B) =

∞∫
0

δz(δ + Y )−1B(δ + Y )−1 sin(zπ)
π

dδ. (8)

If we put ϕ(X, Y ) = X
1−α
2z Y

α
z X

1−α
2z , then according to (8) and the Chain Rule,

∂ϕz

∂Y
(B) =

∞∫
0

δz(δ + ϕ)−1 ∂ϕ

∂Y
(B)(δ + ϕ)−1 sin(zπ)

π
dδ.

Therefore,

∂g(X,Y )
∂Y

(B) = Tr
[ ∞∫

0

δz(δ + ϕ)−1 ∂ϕ

∂Y
(B)(δ + ϕ)−1 sin(zπ)

π
dδ

]

= Tr
[ ∞∫

0

δz

(δ + ϕ)2
sin(zπ)

π
dδ

(
∂ϕ

∂Y
(B)

)]

= Tr
[
zϕz−1 ∂ϕ

∂Y
(B)

]
(By Lemma 1)

= Tr
[
z
(
X

1−α
2z Y

α
z X

1−α
2z

)z−1 ∂ϕ

∂Y
(B)

]
.

On the other hand,
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∂ϕ

∂Y
(B) = X

1−α
2z

∂Y
α
z

∂Y
(B)X

1−α
2z

= X
1−α
2z

⎛
⎝ ∞∫

0

λ
α
z (λ + Y )−1B(λ + Y )−1 sin(αz π)

π
dλ

⎞
⎠X

1−α
2z .

When Y = X,

∂g(X,Y )
∂Y

(B)
∣∣∣∣
Y =X

= Tr

⎛
⎝zY

z−1
z Y

1−α
2z

⎛
⎝ ∞∫

0

λ
α
z (λ + Y )−1B(λ + Y )−1 sin(αz π)

π
dλ

⎞
⎠Y

1−α
2z

⎞
⎠

= Tr

⎛
⎝zY

z−α
z

∞∫
0

λ
α
z (λ + Y )−1B(λ + Y )−1 sin(αz π)

π
dλ

⎞
⎠

= Tr

⎛
⎝zY

z−α
z

∞∫
0

λ
α
z

(λ + Y )2
sin(αz π)

π
dλB

⎞
⎠

= Tr
(
zY

z−α
z

α

z
Y

α
z −1B

)
(by Lemma 1)

= Tr(αB).

Therefore, on account of (7) from the last identity we have

∂Φ(X,Y )
∂Y

(B)
∣∣∣∣
Y =X

= ∂f(X,Y )
∂Y

(B)
∣∣∣∣
Y =X

− ∂g(X,Y )
∂Y

(B)
∣∣∣∣
Y =X

= 0.

Property (ii) in Definition 2.1 is fulfilled.
Finally, we check that for every Hermitian matrix B,

∂2Φ(X,Y )
∂Y 2

∣∣∣∣
Y =X

(B,B) ≥ 0. (9)

Since ∂2f
∂Y 2 (B1, B2) = 0, we only need to consider the second derivative of g(X, Y ) in Y . 

Let us recall

∂g(X,Y )
∂Y

(B) = Tr
[ ∞∫

0

δz(δ + ϕ)−1 ∂ϕ

∂Y
(B)(δ + ϕ)−1 sin(zπ)

π
dδ

]
.

By the product rule, we have
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∂2g

∂Y 2 (B1, B2) = − sin(zπ)
π

∞∫
0

δzTr
[
(δ + ϕ)−1 ∂ϕ

∂Y
(B2)(δ + ϕ)−1 ∂ϕ

∂Y
(B1)(δ + ϕ)−1

]
dδ

+ sin(zπ)
π

∞∫
0

δzTr
[
(δ + ϕ)−1 ∂

2ϕ

∂Y 2 (B1, B2)(δ + ϕ)−1
]
dδ

− sin(zπ)
π

∞∫
0

δzTr
[
(δ + ϕ)−1 ∂ϕ

∂Y
(B1)(δ + ϕ)−1 ∂ϕ

∂Y
(B2)(δ + ϕ)−1

]
dδ.

Put

I1 = sin(zπ)
π

∞∫
0

δzTr
[
(δ + ϕ)−1 ∂ϕ

∂Y
(B2)(δ + ϕ)−1 ∂ϕ

∂Y
(B1)(δ + ϕ)−1

]
dδ,

I3 = sin(zπ)
π

∞∫
0

δzTr
[
(δ + ϕ)−1 ∂ϕ

∂Y
(B1)(δ + ϕ)−1 ∂ϕ

∂Y
(B2)(δ + ϕ)−1

]
dδ,

and

I2 = sin(zπ)
π

∞∫
0

δzTr
[
(δ + ϕ)−1 ∂

2ϕ

∂Y 2 (B1, B2)(δ + ϕ)−1
]
dδ.

When Y = X and B1 = B2 = B, we have

I1 = I3 = sin(zπ)
π

∞∫
0

δzTr
[
(δ + Y

1
z )−1 ∂ϕ

∂Y
(B)(δ + Y

1
z )−1 ∂ϕ

∂Y
(B)(δ + Y

1
z )−1

]
dδ.

Since (δ + Y
1
z )−1 ≥ 0, it is obvious that

(δ + Y
1
z )−1 ∂ϕ

∂Y
(B)(δ + Y

1
z )−1 ∂ϕ

∂Y
(B)(δ + Y

1
z )−1 ≥ 0.

Consequently, the integrals I1 and I3 are nonnegative. If we show that the integral I2 is 
nonpositive, then we (9) is true. Indeed,

∂2ϕ

∂Y 2 (B1, B2) = −
sin(αz π)

π

(
X

1−α
2z

∞∫
0

(
λ

α
z (λ + Y )−1B2(λ + Y )−1B1(λ + Y )−1

+ λ
α
z (λ + Y )−1B1(λ + Y )−1B2(λ + Y )−1

)
dλ

)
X

1−α
2z .

When Y = X and B1 = B2 = B, we have
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∂2ϕ

∂Y 2

∣∣∣∣
Y =X

(B,B) = −
2 sin(αz π)

π
Tr

⎛
⎝Y

1−α
z

∞∫
0

λ
α
z (λ + Y )−1B(λ + Y )−1B(λ + Y )−1dλ

⎞
⎠.

(10)

Since (λ + Y )−1 ≥ 0, we have

(λ + Y )−1B(λ + Y )−1B(λ + Y )−1 ≥ 0.

Consequently, the integral (10) is nonpositive. Therefore, I2 ≤ 0 and

∂2Φ(X,Y )
∂Y 2 (B,B)

∣∣∣∣
Y =X

= − ∂2g(X,Y )
∂Y 2 (B,B)

∣∣∣∣
Y =X

≥ 0.

Thus, Φ(A, B) is a quantum divergence on Pn. �
Now, let us consider the least squares problem with respect to the new quantum 

divergence. Let A1, A2, · · · , Am be positive definite matrices and ω = (ω1, ω2, · · · , ωm)
be a probability vector. Consider the least squares problem as shown below:

min
X>0

m∑
i=1

ωiΦ(X,Ai). (11)

This problem was solved by Bhatia, Lim and Jain in [5] when z = α.

Theorem 4. For 0 ≤ α ≤ z ≤ 1, the function

F (X) =
m∑
i=1

ωiΦ(Ai, X)

attains minimum at X0, where X0 is the unique positive definite solution of the following 
matrix equation

m∑
i=1

wiQα,z(X,Ai) = X. (12)

Proof. We have

∂Φ(Ai, X)
∂X

(B) = Tr
(
αB − zϕz−1 ∂ϕ

∂X
(B)

)
,

where ϕ = ϕ(Ai, X) = A
1−α
2z

i X
α
z A

1−α
2z

i . Consequently,
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∂F (X)
∂X

(B) = Tr
[
αB −

m∑
i=1

wizϕ
z−1 ∂ϕ

∂X
(B)

]

= Tr
[
αB −

m∑
i=1

wizA
1−α
2z

i ϕz−1A
1−α
2z

i

∞∫
0

(λ + X)−1B(λ + X)−1λ
α
z sin(αz π)

π
dλ

]

= Tr
[
αB −B

∞∫
0

(λ + X)−1C(λ + X)−1λ
α
z sin(αz π)

π
dλ

]

= Tr
[
B
(
αI −

∞∫
0

(λ + X)−1C(λ + X)−1λ
α
z sin(αz π)

π
dλ

)]
,

where C =
m∑
i=1

wizA
1−α
2z

i ϕz−1A
1−α
2z

i . Therefore, the only critical point of F (X) is the 

solution of the equation

αI =
∞∫
0

(λ + X)−1C(λ + X)−1λ
α
z sin(αz π)

π
dλ. (13)

Now, let us choose an orthonormal basis in which the matrix X is diagonal, i.e., X =
diag(x1, x2, · · · , xn) and let C = (cij) be the representation of C in this basis. From the 
equation (13) we have

αδij =
∞∫
0

cij
(λ + xi)(λ + xj)

λ
α
z sin(αz π)

π
dλ.

From here, it implies that C is diagonal, and,

α

cii
=

∞∫
0

λ
α
z

(λ + xi)2
sin(αz π)

π
dλ = α

z
x

α
z −1
i .

Therefore,

C =
m∑
i=1

wizA
1−α
2z

i ϕz−1A
1−α
2z

i = zX1−α
z .

Multiplying both sides of the last identity from the left and from the right by X
α
2z , we 

get

X =
m∑

wiX
α
2z A

1−α
2z

i

(
A

1−α
2z

i X
α
z A

1−α
2z

i

)z−1
A

1−α
2z

i X
α
2z
i=1
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=
m∑
i=1

wiX
α
2z A

1−α
2z

i

(
A

α−1
2z

i X−α
z A

α−1
2z

i

)1−z

A
1−α
2z

i X
α
2z

=
m∑
i=1

wiX
α
2z

(
A

1−α
z

i �1−zX
−α

z

)
X

α
2z

=
m∑
i=1

wi

(
X

α
2z A

1−α
z

i X
α
2z �1−zI

)

=
m∑
i=1

wi

(
X

α
2z A

1−α
z

i X
α
2z

)z

.

Thus, X satisfies the equation (12).
Finally, we show that the equation (12) has a unique solution. Firstly, notice that the 

function F (X) is strictly convex [5]. Therefore, if the equation (12) has a solution, then 
it is unique. So, if we show that the function F (X) has a fixed point, we finish the proof. 
Indeed, let a and b be positive numbers such that aI ≤ Ai ≤ bI, for all 1 ≤ i ≤ m. We 
have

X
α
2z A

1−α
z

i X
α
2z ≥ X

α
2z a

1−α
z X

α
2z ≥ a

1
z I.

By the operator monotone of the map x �→ xz, when z ∈ [0, 1] we have
(
X

α
2z A

1−α
z

i X
α
2z

)z

≥ aI.

Similarly, 
(
X

α
2z A

1−α
z

i X
α
2z

)z

≤ bI. Therefore,

aI ≤ F (X) =
m∑
i=1

ωi

(
X

α
2z A

1−α
z

i X
α
2z

)z

≤ bI.

In other words, F (X) is a self-map on the compact and convex K, where

K = {X ∈ P : aI ≤ X ≤ bI}.

According to Brouwer’s fixed point theorem, F (X) has a fixed point. �
3. Data processing inequality and in-betweenness property

In this section we show that the α-z-Bures Wasserstein divergence satisfies the Data 
Processing Inequality in quantum information theory. We also show that the matrix 
power mean satisfies the in-betweenness property in this divergence.

Recall that the data processing inequality with respect to a quantum divergence Ψ
means that for any completely positive trace preserving map E and for any positive 
semidefinite matrices A and B,
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Ψ(E(A), E(B)) ≤ Ψ(A,B).

Recall that (see, for examples, [19, Theorem 5.16]) if a map Ψ(A, B) is jointly convex, 
unitarily invariant and invariant under tensor product, then Ψ is monotone with respect 
to all completely positive trace-preserving maps.

By the definition, the map Φ(A, B) is jointly convex. Indeed, according to [6], the trace 

function Θp,q,s(X, Y ) = Tr
[(

X
q
2Y pX

q
2

)s]
is jointly concave if and only if 0 ≤ p, q ≤ 1

and 0 ≤ s ≤ 1
p + q

. For q = 1 − α

z
, p = α

z
, and s = z, we have that the function 

Tr
(
Qα,z(X, Y )

)
is jointly concave. Hence, Φ(X, Y ) is jointly convex. Therefore, from 

the following theorem it implies that the α-z-Bures Wasserstein divergence satisfies the 
Data Processing Inequality.

Theorem 5. Φ(X, Y ) is invariant under all unitary matrix U and invariant under ten-
soring with another density matrix τ .

Proof. For an arbitrary unitary U , we have

Φ(U∗XU,U∗Y U)

= Tr
[
(1 − α)U∗XU + αU∗Y U −

(
(U∗XU)

1−α
2z (U∗Y U)α

z (U∗XU)
1−α
2z

)z]
= Tr

[
(1 − α)U∗XU + αU∗Y U −

(
U∗X

1−α
2z UU∗Y

α
z UU∗X

1−α
2z U

)z]
= Tr

[
(1 − α)U∗XU + αU∗Y U −

(
U∗X

1−α
2z Y

α
z X

1−α
2z U

)z]
= Tr

[
(1 − α)U∗XU + αU∗Y U − U∗

(
X

1−α
2z Y

α
z X

1−α
2z

)z

U
]

= Tr
[
U∗

(
(1 − α)X + αY − (X

1−α
2z Y

α
z X

1−α
2z )z

)
U
]

= Tr
(
(1 − α)X + αY − (X

1−α
2z Y

α
z X

1−α
2z )z

)
= Φ(X,Y )

Also for an arbitrary density matrix τ , we have

Φ(X ⊗ τ, Y ⊗ τ)

= Tr
[
(1 − α)X ⊗ τ + αY ⊗ τ −

(
(X ⊗ τ)

1−α
2z (Y ⊗ τ)α

z (X ⊗ τ)
1−α
2z

)z]
= Tr

[
(1 − α)X ⊗ τ + αY ⊗ τ −

(
(X

1−α
2z ⊗ τ

1−α
2z )(Y α

z ⊗ τ
α
z )(X

1−α
2z ⊗ τ

1−α
2z )

)z]
= Tr

[
(1 − α)X ⊗ τ + αY ⊗ τ − Tr

[(
X

1−α
2z Y

α
z X

1−α
z ⊗ τ

1
z

)z]
= Tr

[
(1 − α)X ⊗ τ + αY ⊗ τ − Tr

[(
X

1−α
2z Y

α
z X

1−α
z

)z

⊗ τ
]
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= Tr
[(

(1 − α)X + αY −
(
X

1−α
2z Y

α
z X

1−α
2z

)z)
⊗ τ

]
= Tr

(
(1 − α)X + αY −

(
X

1−α
2z Y

α
z X

1−α
2z

)z)
Tr(τ)

= Tr
(
(1 − α)X + αY −

(
X

1−α
2z Y

α
z X

1−α
2z

)z)
= Φ(X,Y ). �

To finish this paper, we show that the matrix power mean μp(t; A, B) =
(
tAp + (1 −

t)Bp
) 1

p satisfies the in-betweenness property with respect to the α-z-Bures Wasserstein 
divergence. We refer the interested readers to other papers for related results on in-
betweenness [2,13,8–11].

Theorem 6. Let A, B ∈ Pn, 0 < α ≤ z ≤ 1, 1/2 ≤ p ≤ 1 and α ≤ zp. Then for any 
positive definite matrices A and B,

Φ(A,μp) ≤ Φ(A,B). (14)

Proof. We have

Φ(A,μp) = Tr
[
(1 − α)A + αμp −

(
A

1−α
z μ

α
z
p A

1−α
z

)z]
,

and

Φ(A,B) = Tr
[
(1 − α)A + αB −

(
A

1−α
2z B

α
z A

1−α
2z

)z]
.

Therefore, the inequality (14) is equivalent to the following

Tr
[
α
(
tAp + (1 − t)Bp

) 1
p −

(
A

1−α
2z (tAp + (1 − t)Bp)

α
zpA

1−α
2z

)z]
≤ Tr

[
αB −

(
A

1−α
2z B

α
z A

1−α
2z

)z]
.

Since 1 ≤ 1
p ≤ 2 when 1

2 ≤ p ≤ 1, the map x �→ x
1
p is operator convex. Therefore,

(
tAp + (1 − t)Bp

) 1
p ≤ tA + (1 − t)B.

On the other hand, from the conditions 0 < α ≤ z and α ≤ zp it implies that 0 ≤ α

zp
≤ 1. 

By the operator concavity of the map x �→ x
α
zp , we have

A
1−α
2z μ

α
z
p A

1−α
2z = A

1−α
2z

(
tAp + (1 − t)Bp

) α
zp

A
1−α
2z
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≥ A
1−α
2z

(
tA

α
z + (1 − t)B α

z

)
A

1−α
z

= tA
1
z + (1 − t)A

1−α
2z B

α
z A

1−α
2z .

For 0 < z ≤ 1 the function tz is operator concave on (0, ∞). Then we have

[
A

1−α
2z

(
tAp + (1 − t)Bp

) α
zp

A
1−α
2z

]z
≥

[
tA

1
z + (1 − t)A

1−α
2z B

α
z A

1−α
2z

]z
≥ tA + (1 − t)

(
A

1−α
2z B

α
z A

1−α
2z

)z

.

Thus, the desired result follows if

Tr
[
αtA + αB − αtB − tA− (1 − t)

(
A

1−α
2z B

α
z A

1−α
2z

)z]
≤ Tr

[
αB −

(
A

1−α
2z B

α
z A

1−α
2z

)z]
.

Or, equivalently,

Tr
[
(1 − α)A + αB −

(
A

1−α
2z B

α
z A

1−α
2z

)z]
≥ 0

which was proved in Theorem 3. Thus, the matrix power mean μp satisfies the in-
betweenness property in the α-z-Bures Wasserstein divergence. �
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